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Abstract
Colour SU(3) group is an exact symmetry of Quantum Chromodynamics, which describes strong
interactions between quarks and gluons. Supplemented by two internal symmetries, SU(2) and
U(1), it serves as the internal symmetry of the Standard Model, describing as well the electroweak
interactions of quarks and leptons. The colour SU(3) symmetry is exact, while two other symmetries
are broken by means of the Higgs-Kibble mechanism. The three colours and fractional quarks charges
with values 1/3 and 2/3 suggest that the cyclic group Z3 may play a crucial role in quark field
dynamics.
In this paper we consequently apply the Z3 symmetry to field multiplets describing colour quark
fields. Generalized Dirac equation for coloured 12-component spinors is introduced and its properties
are discussed. Imposing Z3-graded Lorentz and Poincare´ covariance leads to enlargement of quark
fields multiplets and incorporates additional Z2 × Z3 symmetry which leads to the appearance of
three generations (families) of distinct quark doublets.
1 Introduction
According to present knowledge, the ultimate undivisible and undestructible constituents of matter,
called atoms by ancient Greeks, are in fact the elementary particles named quarks, carrying fractional
electric and baryonic charges which are conserved in Standard Model under any circumstances.
What can be regarded as a mysterious feature is the fact that freely propagating quarks have never
been directly observed. However, the deep inelastic scattering experiments in which the electrons with
extremely high energies penetrate inside the nucleons and scatter on quarks, reveal the presence of almost
point-like constituents which seem to be almost free as long as they are confined inside the protons or
neutrons. When very high energy nucleons collide, they merge for a short while, and quarks interact via
gluon exchange. The gluons are supposed to be the quanta of a color SU(3) gauge field. Besides, quarks
interact also via electroweak gauge fields.
In Quantum Chromodynamics (QCD) quarks are considered as fermions, endowed with spin 12 . Only
three quarks or three anti-quarks can coexist inside a fermionic baryon (respectively, anti-baryon), and a
pair quark-antiquark can form a meson with integer spin. Besides, baryons are composed of three quarks
(anti-quarks) each with different colour.
Six doublets of quarks are organized in three generations. Two quarks in the first generation, u and
d (“up” and “down”), can be considered as two states of a more general object, just like proton and
neutron are two isospin states of a nucleon. While in baryons there is place for two quarks in the same
u-state or d-state, three u or d quarks in composite hadron are not allowed.
The gauge gluon fields that intermediate strong interactions between quarks should carry colors. In
fact, the totally “colorless” quadratic combinations of quarks do not interact strongly with quarks, what
means that the condition RR¯ + BB¯ + GG¯ = 0, where R(red), B(blue) and G(green) denote coloured
quarks, does not affect the QCD strong forces. Eight bilinear combinations listed below describe the
octet of gluons
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The above combinations can be linked with the choice of eight traceless Gell-Mann 3 × 3 matrices,
spanning the SU(3) Lie algebra.
In these lecture notes we shall study a way to introduce quark dynamics with incorporated Z3-
covariance and consider the Z3-graded generalization of relativistic symmetries. As basic field equation
describing coloured quarks we introduce 12-component colour Dirac equations, describing in alternative
way the quarks with three colours. The proposed Z3-graded free quark equations imply that coloured
quarks do not appear asymptotically; one observes asymptotically only colourless composites, three-
linear in the case of baryons and bilinear for mesons. In colour Dirac equation the Lorentz and colour
symmetries are entangled, not described by single tensor products of Lorentz spin and SU(3) colour
matrices.
The plan of our presentation is the following. In Sect. 2 we recall the way of obtaining Dirac equation
as Z2-covariant doublet of two-component Pauli equations. In Sect. 3 we replace discrete Z2 maps by
discrete Z2 × Z3 transformations acting on indecomposable sextet of Pauli equations describing our
basic colour Dirac equations. The Z3-covariance modifies the dynamics of quark fields components -
any component of coloured Dirac equation satisfy modified Klein-Gordon equations, which are of the
sixth order. In Sect. 4 we demonstrate how such new quarks dynamics permits to explain algebraically
the asymptotic nonobservability of coloured quarks. In order to incorporate fully Z3-covariance of
quark dynamics recently there were proposed the Z3-graded generalization of Lorentz algebra [6] and
its extension to Z3-graded Poincar ’e algebra [17]. In Sect. 6 we show that the formulation covariant
under standard Lorentz transformations requires the consideration of doublets of colour fields called
Lorentz doublets [17]; we show also how one can introduce the action principle for the pairs of colour
Dirac fields describing these Lorentz doublets. Last Sect. 7 contains final remarks and outlook. In
particular we discuss there the option that coloured quark fields satisfy ternary generalization of canonical
commutation relations, what leads to the Z3-graded exclusion principle for coloured quarks (maximally
only two identical colour quark states can coexist in physical quark composites).
2 From Pauli spinors to Dirac’s equation
After the discovery of spin of the electron (the Stern-Gerlach experiment, Pauli understood that a
Schroedinger equation involving only one complex-valued wave function is not enough to take into
account this new degree of freedom. He proposed then to describe the dichotomic spin variable by
introducing a two-component function forming a column on which hermitian matrices can act as linear
operators.
The basis of complex traceless 2×2 hermitian matrices contains just three elements, since then known
as Pauli matrices that can be arranged in a matrix-valued 3-vector σ = [σ1, σ2, σ3] :
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
The three Pauli matrices multiplied by i2 span the three dimensional Lie algebra: let τk =
i
2σk, then
[τ1, τ2] = τ3, [τ2, τ3] = τ1, [τ3, τ1] = τ2.
They also form the Clifford algebra related to the Euclidean 3-dimensional metric:
σiσk + σkσi = 2δik l12
2
The simplest linear relation between the operators of energy, mass and momentum acting on a column
vector (called a Pauli spinor) would read then:(
E 0
0 E
) (
ψ1
ψ2
)
=
(
mc2 0
0 mc2
) (
ψ1
ψ2
)
+ c σ · p
(
ψ1
ψ2
)
, (1)
where σ ·p = σ1 p1 +σ2 p2 +σ3 p3 =
(
p3 p1 − i p2
p1 + i p2 −p3
)
. We can write (1) in a simplified manner,
denoting the Pauli spinor by one letter ψ and treating the unit matrix symbolically like a number:
E ψ = mc2 ψ + c σ · p ψ. (2)
This equation is not invariant under Lorentz transformations. Indeed, by iterating, i.e. taking the square
of this operator, we arrive at the following relation between the operators of energy and momentum and
the mass of the particle:
E2 = m2c4 + 2mc3 | p |2 σ · p+ c2p2, (3)
instead of the relativistic relation
E2 − c2 p2 = m2c4. (4)
The double product in the expression for the energy squared can be removed if one introduces a second
Pauli spinor satisfying a smilar equation, and intertwining the two spinors. So let us denote the first
Pauli spinor by ψ+ and the second one by ψ−, and let them satisfy the following system of coupled
equations:
E ψ+ = mc
2 ψ+ + σ · p ψ−, E ψ− = −mc2 ψ− + σ · p ψ+, (5)
(by the way, here −1 = eipi, a complex number! which coincides with the relativistic equation for the
electron found by Dirac a few years later.
The relativistic invariance is now manifest: due to the negative mass term in the second equation,
the iteration leads to the separation of variables, and all the components satisfy the desired relation
[E2 − c2 p2]ψ+ = m2c4 ψ+, [E2 − c2 p2]ψ− = m2c4 ψ−. (6)
In a more appropriate basis the Dirac equation becomes manifestly relativistic: [γµpµ −mc] ψ = 0, with
p0 =
E
c ,
γ0 = σ3 ⊗ l12 =
(
l12 0
0 −l12
)
, γk = (iσ2)⊗ σk =
(
0 σk
−σk 0
)
. (7)
The so defined Dirac’s gamma-matrices span the Clifford algebra related to the Minkowskian metric
tensor:
γµγν + γνγµ = 2gµν l14
with gµν = diag[1,−1,−1,−1], while the six anti-symmetric matrices
Σµν =
1
4
[γµγν − γνγµ]
satisfy commutation relations characterizing the Lorentz group.
The side effect of this modification was the presence of solutions with negative mass, which led Dirac
to the conclusion that the “holes” in the sea of such solutions could be interpreted as electrons with the
same mass as the usual ones, but with opposite charge.
Now we have clearly the invariance under the product group Z2×Z2. The first Z2 factor is relative to
the half-integer dichotomic spin variable, the second Z2 group is related to this new universal symmetry,
called charge conjugation, stipulating the existence of anti-particles. The four-component complex func-
tion ψ is a column composed of two two-component spinors, ξα and χβ˙ , which are supposed to transform
under two non-equivalent representations of the SL(2,C) group:
ξα′ = S
α
α′ξα, χβ˙′ = S
β˙
β˙′
χβ˙′ , (8)
3
The electric charge conservation is equivalent to the vanishing of the four-divergence of jµ:
∂µj
µ =
(
∂µψ
†γµ
)
ψ + ψ† (γµ∂µψ) = 0, (9)
from which we infer that this condition will be satisfied if we have
∂µψ
†γµ = −mψ† and γµ∂µψ = mψ, (10)
which coincides with the usual Dirac equation.
The two coupled Pauli equations can be re-written using a matrix notation:(
E 0
0 E
) (
ψ+
ψ−
)
=
(
mc2 0
0 −mc2
) (
ψ+
ψ−
)
+
(
0 cσp
c σp 0
) (
ψ+
ψ−
)
, (11)
where the entries in the energy operator and the mass matrix are in fact 2× 2 identity matrices, as well
as the σ-matrices appearing in the last matrix, so that in reality the above equation represents the 4× 4
Dirac equation, only in a different basis.
The system of linear equations (11) displays two discrete Z2 symmetries: the space reflection con-
sisting in simultaneous change of directions of spin and momentum, σ → −σ, p → −p, and the
particle-antiparticle symmetry realized by the transformation
m→ −m, ψ+ → ψ−, ψ− → ψ+.
Our next aim is to extend the Z2×Z2 symmetry by including the Z3 group which will mix not only the
two spin states and particles with anti-particles, but also the three colors.
3 Colour Dirac equation and free quark dynamics
Recently in [7], [8], [9], [10] a generalization of the Dirac equation for quarks was proposed, incorporating
the color degrees of freedom via extending the discrete symmetry of the system to the Z3 × Z2 × Z2
group.
The cyclic group Z3 is generated by the third root of unity, denoted by j = e
2pii
3 , with j2 = e
4pii
3 ,
j3 = 1, and 1 + j + j2 = 0.
Just as taking into account the dichotomic half-integer spin variable, the introduction of color degrees
of freedom requires additional Z3 symmetry acting on a new discrete variable taking three possible
(and exclusive) values, named symbolically “red”, “blue” and “green”. The 3 × 3 matrices had to be
introduced, all representing third roots of the 3× 3 unit matrix. Six Pauli spinors represent three colors
and three anti-colors:
ϕ+ =
(
ϕ1+
ϕ2+
)
, χ+ =
(
χ1+
χ2+
)
, ψ+ =
(
ψ1+
ψ2+
)
, ϕ− =
(
ϕ1−
ϕ2−
)
, χ− =
(
χ1−
χ2−
)
, ψ− =
(
ψ1−
ψ2−
)
, (12)
on which Pauli sigma-matrices act in a natural way, as on two-component column spinors.
Let us follow the logic that led from Pauli’s to Dirac’s equation extending it to the colors acted
upon by the Z3-group. In the expression for the energy operator (i.e. the Hamiltonian), mass terms is
positive when acting on particles, and acquires negative sign acting on anti-particles, i.e. it changes sign
while intertwining particle-antiparticle components. We shall also assume that the mass term acquires
the factor j when we switch from the red component ϕ to the blue component χ, and j2 for the green
component ψ. The momentum operator will be non-diagonal, as in the Dirac equation, systematically
intertwining not only particles with antiparticles, but also colors with anti-colors.
By analogy with the pair of equations (6) in which multiplying the mass by −1 led to the anti-particle
appearance, now the mass term is multiplied by the generator of the Z3 group, j, each time the colour
changes. This yields the following set of what may be called the ”colour Dirac equation”:
4
E ϕ+ = mc
2 ϕ+ + c σ · pχ−
E χ− = −j mc2 χ− + c σ · pψ+
E ψ+ = j
2 mc2 ψ+ + c σ · pϕ−
E ϕ− = −mc2 ϕ− + c σ · pχ+
E χ+ = j mc
2 χ+ + c σ · pψ−
E ψ− = −j2 mc2 ψ− + c σ · pϕ+ (13)
The energy operator is obviously diagonal, and its action on the spinor-valued column-vector can be
represented as a 6× 6 operator valued unit matrix. The mass operator is diagonal, too, but its elements
represent all powers of the sixth root of unity q = e
2pii
6 , which are
q = −j2, q2 = j, q3 = −1, q2 = j2, q5 = −j and q6 = 1.
The system (13) was formulated in a basis in which the “coloured” Pauli spinors alternate with their
antiparticles; however, if we want to put forward the colour content, it is better to choose an alternative
basis in the space of spinors. From now on, we choose the basis in which the column of six “colored”
Pauli spinors is arranged as follows:
(ϕ+, ϕ−, χ+, χ−, ψ+, χ−, ψ−)
T
. (14)
Then the mass and momentum operators take on the following form:
M =

m 0 0 0 0 0
0 −m 0 0 0 0
0 0 jm 0 0 0
0 0 0 −jm 0 0
0 0 0 0 j2m 0
0 0 0 0 0 −j2m
 , P =

0 0 0 σ · p 0 0
0 0 σ · p 0 0 0
0 0 0 0 0 σ · p
0 0 0 0 σ · p 0
0 σ · p 0 0 0 0
σ · p 0 0 0 0 0

In fact, the dimension of the two matrices M and P displayed above is 12× 12: all the entries in the
first one are proportional to the 2×2 identity matrix, so that in the definition one should read
(
m 0
0 m
)
instead of m,
(
jm 0
0 jm
)
instead of j m, etc. The entries in the second matrix P contain 2× 2 Pauli’s
sigma-matrices, so that P is also a 12× 12 matrix. The energy operator E is proportional to the 12× 12
identity matrix.
Due to the fact that only even powers of σ-matrices are proportional to l12, and only the powers of
circulant 3×3 circulant matrix that are multiplicities of 3 are proportional to l13, the diagonalization of
the system is achieved only at the sixth iteration. The final result is extremely simple: all the components
satisfy the same sixth-order equation,
E6 ϕ+ = m
6c12 ϕ+ + c
6 | p |6 ϕ+, E6 ϕ− = m6c12 ϕ− + c6 | p |6 ϕ−. (15)
and similarly for all other components.
Using a more rigorous approach the three operators can be expressed in terms of tensor products of
matrices of lower dimensions. Let us introduce two following 3× 3 matrices:
B =
1 0 00 j 0
0 0 j2
 and Q3 =
0 1 00 0 1
1 0 0
 (16)
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whose products and powers generate the U(3) Lie group algebra, or the SU(3) algebra if we remove the
unit matrix. Then the 12× 12 matrices M and P can be represented as the following tensor products:
M = m B ⊗ σ3 ⊗ l12, P = Q3 ⊗ σ1 ⊗ (σ · p) (17)
with as usual, l12 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ3 =
(
1 0
0 −1
)
.
Let us rewrite the matrix operator generating the system (13) when it acts on the column vector
containing twelve components of three “colour” fields, in the basis (14) [ϕ+, ϕ−, χ+, χ−, ψ+, ψ−]:
E l13 ⊗ l12 ⊗ l12 = mc2 B ⊗ σ3 ⊗ l12 +Q3 ⊗ σ1 ⊗ cσ · p
with energy and momentum operators on the left hand side, and the mass operator on the right hand
side:
E l12 ⊗ l13 ⊗ l12 −Q3 ⊗ σ1 ⊗ c σ · p = mc2 B ⊗ σ3 ⊗ l12 (18)
Like with the standard Dirac equation, let us transform this equation so that the mass operator becomes
proportional the the unit matrix. To do so, we multiply the equation (18) from the left by the matrix
B† ⊗ σ3 ⊗ l12.
Now we get the following equation which enables us to interpret the energy and the momentum as
the components of a Minkowskian four-vector c pµ = [E, cp]:
E B† ⊗ σ3 ⊗ l12 −Q2 ⊗ (iσ2)⊗ cσ · p = mc2 l13 ⊗ l12 ⊗ l12, (19)
where we used the fact that under matrix multiplication, σ3σ
3 = l12, B
†B = l13 and B†Q3 = Q2.
The sixth power of this operator gives the same result as before,[
E B† ⊗ σ3 ⊗ l12 −Q2 ⊗ (iσ2)⊗ cσ · p
]6
=
[
E6 − c6p6] l112 = m6c12 l112 (20)
The equation (19) can be written in a concise manner using the Minkowskian indices and the usual
pseudo-scalar product of two four-vectors as follows:
Γµpµ Ψ = mc l112 Ψ, with p
0 =
E
c
, pk = [ px, py, pz ]. (21)
with 12× 12 matrices Γµ, (µ = 0, 1, 2, 3) defined as follows:
Γ0 = σ3 ⊗B† ⊗ l12, Γk = iσ2 ⊗Q2 ⊗ σk (22)
In an appropriate basis, the system (13) can be represented in a Dirac-like form as follows:
ΓµpµΨ = mc l112 Ψ, (23)
where Ψ is the generalized 12-component spinor made of 6 Pauli spinors (12), and the generalized 12×12
Dirac matrices Γµ are constructed as follows:
Γ0 = B† ⊗ σ3 ⊗ l12, Γi = Q2 ⊗ (iσ2)⊗ σi, (24)
where
B† =
1 0 00 j2 0
0 0 j
 , B =
1 0 00 j 0
0 0 j2
 , Q2 =
0 1 00 0 j2
j 0 0
 , (25)
The two traceless matrices B and Q2 are both cubic roots of unit 3×3 matrix. They generate the entire
Lie algebra of the SU(3) group.
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The full set of six matrices QA and Q
†
B , A,B = 1, 2, 3, together with two diagonal traceless matrices
B and B† generated by B and Q3 form a special basis of the SU(3) algebra [18]. They can be obtained
by iteration, using the following multiplication table:
BQA=j
2QAB=QA+1, B
†QA=jQAB†=QA−1,
Q†B=j2BQ†A=Q
†
A−1, Q
†
AB
†=B†Q†A=Q
†
A+1,
QAQA−1=jQ
†
A+1, Q
†
A−1Q
†
A=j
2QA+1,
QAQ
†
A+1=B
†, QAQ
†
A−1=B, Q
†
AQA−1=jB
†, Q†AQA+1=j
2B.
(26)
and of course QAQ
†
A = Q
†
aQA = l13. where the indices A, A + 1, A − 1 are always taken modulo 3, so
that e.g. 3 + 1 |modulo 3= 4 |modulo 3= 1, etc., and the cube of each of the eight matrices in (26) is the
unit 3× 3 matrix.
In terms of their Fourier transforms, linear differential operators of any order are represented by
corresponding algebraical expressions multiplying the Fourier transform of the unknown function. The
Fourier transform of the Green function is then given by the inverse of this expression, for example, the
Fourier transform of the Green function of the Klein-Gordon operator is defined as
Gˆ(kµ) =
1
k20 − k2 −mu2
,
(with µ = mc~ ). The Fourier transform of Green’s function for the Dirac equation is a 4× 4 matrix:
Dˆ(kµ) =
γµkµ +m l14
−k20 + k2 −m2
,
because quite obviously one has
(γµkµ +m l14)(γ
µkµ −m l14) = −k20 + k2 −m2 l14.
The ternary generalization of Dirac’s equation being written in the most compact form as in (23), in
terms of Fourier transforms it becomes
(Γµ kµ −m l112) Ψˆ(k) = 0. (27)
The sixth power of the matrix Γµkµ is diagonal and proportional to m
6, so that we have
(Γµkµ)
6 −m6 l112 =
(
k60− | k |6 −m6
)
l112 = 0. (28)
Now we have to find the inverse of the matrix (Γµ kµ −m l112). To this effect, let us note that the
sixth-order expression on the left-hand side in (28) can be factorized as follows:
(Γµkµ)
6 −m6 =
(
(Γµkµ)
2 −m2
) (
(Γµkµ)
2 − j m2
) (
(Γµkµ)
2 − j2 m2
)
. (29)
The first factor is in turn the product of two linear expressions, one of which is the ternary Dirac
operator:
(Γµkµ)
6 −m6 = (Γµkµ −m) (Γµkµ +m)
(
(Γµkµ)
2 − j m2
) (
(Γµkµ)
2 − j2 m2
)
. (30)
Therefore the inverse of the Fourier transform of the ternary Dirac operator is given by the following
matrix:
[(Γµkµ)−m]−1 =
(Γµkµ +m)
(
(Γµkµ)
2 − j m2
) (
(Γµkµ)
2 − j2 m2
)
(k60− | k |6 −m6)
. (31)
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It takes almost no effort to prove that the numerator can be given a more symmetric form. Taking into
account that (
(Γµkµ)
2 − j m2
)(
(Γµkµ)
2 − j2 m2
)
= (Γµkµ)
4
+m2 (Γµkµ)
2
+m4,
we find that
(Γµkµ +m)
(
(Γµkµ)
2 − j m2
)(
(Γµkµ)
2 − j2 m2
)
=
(Γµkµ)
5
+m (Γµkµ)
4
+m2 (Γµkµ)
3
+m3 (Γµkµ)
2
+m4 (Γµkµ) +m
5,
so that the final expression can be written in a concise form as
[
(Γµkµ)
6 −m6
]−1
=
5∑
s=0
ms (Γµkµ)
(5−s)
(k60− | k |6 −m6)
. (32)
In the massless case, the operator equation whose Green’s function we want to evaluate, reduces to[
1
c6
∂6
∂t6
−
(
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
)3]
G(t, r) = δ4(x) = δ(ct)δ(x)δ(y)δ(z).
Using the Fourier transformation method, we can write:[
ω6
c6
− | k |6
]
Gˆ(k0,k) = 1, where k0 =
ω
c
, (33)
from which we get
Gˆ(k0,k) =
1
k60− | k |6
+ Φ(k0,k), (34)
where Φ(k0,k) is a solution of the homogeneous equation,[
k60− | k |6
]
Φ(k0,k) = 0 → Φ(k0,k) = δ(k60− | k |6). (35)
The sixth-order polynomial k60− | k |6 can be split into the product of three second-order factors as
follows:
k60− | k |6= (k20− | k |2) (k20 − j | k |2) (k60 − j2 | k |2), (36)
each of which being a product of two linear expressions with opposite signs of | k |:
(k20− | k |2) = (k0+ | k |) (k0− | k |),
(k20 − j | k |2) = (k0 + j2 | k |) (k0 − j2 | k |),
(k20 − j2 | k |2) = (k0 + j | k |) (k0 − j | k |),
so that the sixth-order expression appearing in (33) can be decomposed into a product of six linear
terms. Let us represent the inverse of this expression appearing in (34) as a sum of three fractions with
second-order expressions in their denominators:
1
k60− | k |6
=
1
3 | k |4
[
1
k20− | k |2
+
j
k20 − j | k |2
+
j2
k20 − j2 | k |2
]
, (37)
which is to be compared with the usual Fourier inverse of the d’Alembert operator:
1
k20− | k |2
=
1
2 | k |2
[
1
k0− | k | −
1
k0+ | k |
]
(38)
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Figure 1: The six simple poles of the integral representation of zero-mass propagator of the sixth-order equation
The difference in the order of the equation leads to the difference in the algebraic structure of the
polynomial representig the equation for the Fourier transform. Its inverse displays not just two, but as
much as six simple poles displayed in the following figure:
Such field theories of higher order were considered by T.D.Lee and G.Wick [12] and were recently
an object of renewed interest [13], providing arguments showing how QFT with Lee-Wick complex poles
might lead to construction of unitary S-matrix.
4 Plane wave solutions and algebraic confinement
Before discussing the properties of general solutions of our system, let us draw attention to its similarity
with Maxwell and Dirac equations in vacuo, i.e. describing free fields with no interactions. The Maxwell
equations, which after gauge fixing on the 4-potential Aµ reduce to a system of four linear differential
equations for four functions of t and r. In general, the characteristic equation of such a system should be
of the fourth order; however, due to the particular symmetry of Maxwell’s equations, the characteristic
equation is of the second order (in fact, it is a fourth-order equation which is a square of the second-order
equation). This ensures the existence of a single light cone and the absence of bi-refringence in vacuum.
The same phenomenon occurs for the characteristic equation od the Dirac equation, which is also
a system of four linear differential equations for the four components of a Dirac spinor. Like in the
case of Maxwell’s equations, the diagonalization of the Dirac system occurs already at the level of the
second order Klein-Gordon equation, while the characteristic equation of fourth order obtained from the
determinant of the system is the square of the second-order expression. The four independent solutions
are obtained by taking two possible signs of the square root of the determinant expression.
In our case we have as much as twelve linear equations imposed on twelve independent functions of
time and space; therefore, one could expect a twelvth-order characteristic equation. However, due to
the particular properties of Pauli’s matrices and the symmetry of our system (23), the diagonalization
occurs already at sixth iteration:
(Γµpµ)
6 = (p60 − p6) l112 = m6c6 l112 (39)
This expression on the left-hand side is not manifestly relativistic invariant, but it represents a unique
light cone multiplied by a positive form-factor:
(p60 − p6) = (p20 − p2)(jp20 − p2)(j2p20 − p2) = (p20 − p2)(p40 + p20p2+ | p |4). (40)
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The characteristic equation of this system is obtained by taking the formal determinant of the 12 × 12
matrix operator; we get
det(Γµpµ) = (p
6
0− | p |6)2 = m12c12, (41)
which is the square of the dispersion relation (40).
In coordinate representation Ψ = Ψ(xµ), and the four-momentum operator pµ becomes pµ = −i~∂µ,
and the system of equations satisfied by the 12-dimensional wave function Ψ(xµ) is
− i~ Γµ ∂µ Ψ = mcΨ (42)
As any linear system with constant coefficients, (13) representing twelve coupled linear equations,
must have a basis of twelve independent solutions. General solutions are then given by their linear
combinations whose coefficients depend on the choice of initial conditions.
As usually in the case of linear systems, we expect the solutions to be of general form
f(xµ) = ekµx
µ
with kµ satisfying k
6
0− | k |6= −~6m6 (43)
Denoting k0 = ω/c, general solution can be written as eωt−k·r, r = [x, y, z]:
The dispersion relation in (43) is invariant under the action of Z2 × Z3 = Z6 symmetry, because to
any solution with given real ω and k one can add solutions with ω replaced by jω or j2ω, jk or j2k,
as well as −ω; there is no need to introduce also −k instead of k because the vector k can take on all
possible directions covering the unit sphere.
The nine complex solutions with positive frequency ω as well as with j ω and j2 ω obtained by the
action of the Z3-group can be displayed in a compact manner in form of a 3×3 matrix. The inclusion of
the essential Z2-symmetry ensuring the existence of anti-particles leads to the nine similar solutions with
negative ω. This however will produce 18 solutions, of whiich only 12 can be linearly independent. We
choose them in a symmetrical manner, displayed in two 3× 3 matrices with vanishing diagonal terms: 0 eω t+jk·r eω t+j
2k·r
ejω t+k·r 0 ejω t+j
2k·r
ej
2ω t+k·r ej
2ω t+jk·r 0
 ,
 0 e−ω t−jk·r e−ω t−j
2k·r
e−jω t−k·r 0 e−jω t−j
2k·r
e−j
2ω t−k·r e−j
2ω t−jk·r 0
 (44)
We can also produce similar matrix with six real functions, taking appropriate linear combinations
as follows:  0 eω t−
k·r
2 cos(K · r) eω t− k·r2 sin(K · r)
e−
ω t
2
+k·r cos Ω t 0 e−
ω t
2
− k·r
2 cos(Ω t−K · r)
e−
ω t
2
+k·r sin Ω t e−
ω t
2
− k·r
2 sin(Ω t−K · r) 0
 , (45)
where Ω =
√
3
2 ω and K =
√
3
2 k; a similar matrix, of course, can be produced for the alternative
choice with negative ω .
All these solutions contain damping or exploding exponential factors, and cannot propagate farther
than a few wavelengths. However certain quadratic or cubic products can be chosen in such a way that
these nasty factors will mutually cancel leaving a freely propagating sinusoidal wave. Foir example,
choosing two solutions from basis different than the one displayed in (44), namely
ejωt+j
2kx · e−j2ωt−jkx = e(j−j2) ωt−(j2−j) kx = ei(Ωt−Kx), (46)
with Ω =
√
3
2 ω, K =
√
3
2 k. An alternative choice of two elementary solutions leads to a free wave
running in the opposite direction:
e−j
2ωt−j2kx · ejωt+jkx = ei(Ωt+Kx).
This are the unique quadratic combinations yelding a running wave in both directions. This suggests
that quark-anti-quark states behave as Lorentz scalars.
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We face different situation if we consider possibilities of producing a running wave with cubic expres-
sions involving solutions displayed in (45) and their conjugates with negative ω’s. Let us produce the
following basis of real solutions of (13):
F1 = e
−ωt2 +kx sin Ωt, F2 = e−
ωt
2 +kx cos Ωt,
G1 = e
ωt− kx2 sinKx, G2 = eωt−
kx
2 cosKx,
H1 = e
−ωt2 − kx2 sin(Ωt−Kx), H2 = e−ωt2 − kx2 cos(Ωt−Kx). (47)
Neither of the six functions above can represent a freely propagating wave: even the last two functions,
H1 and H2 contain, besides the running sinusoidal waves, the real exponentials which have a damping
effect. (The wave cannot penetrate distances greater than a few wavelengths, and can last only for times
comparable with few oscillations). However, we shall show that certain cubic expressions can represent
a freely propagating wave, without any damping factors. Taking a closer look at the six solutions
displayed in (47), we see that the only way to get rid of the real exponents present in all those functions,
but different damping factors, is to form cubic expressions constructed with three functions labelled with
three different letters. Here is the exhaustive list of eight admissible cubic combinations:
F1 G1 H1, F1 G1 H2, F1 G2 H1, F1 G2 H2;
F2 G1 H1, F2 G1 H2, F2 G2 H1, F2 G2 H2. (48)
But these expressions still contain, besides running waves with double frequency 2Ω, undesirable func-
tions like sin Ωt or cosKx. To take an example, we have
F1G2H2 = sin Ωt cosKx cos(Ωt−Kx) =
1
2
[sin(Ωt+Kx) + sin(Ωt−Kx)] cos(Ωt−Kx) =
1
4
sin(2Ωt− 2Kx) + 1
4
sin(2Ωt) +
1
4
sin(2Kx).
The explicit expressions, in terms of the trigonometric functions, of the eight independent cubic expres-
sions displayed above, are quite cumbersome. Here we give the final result, showing that there are only
two combinations of cubic products of solutions of the generalized ternary Dirac equation that represent
running waves, which are the following:
F1G2H2 + F1G1H1 − F2G1H2 + F2G2H1 = sin(2Ωt− 2Kx), (49)
F2G2H2 + F2G1H1 + F1G1H2 − F1G2H1 = cos(2Ωt− 2Kx). (50)
The symmetry of these expressions appears better when grouped as follows:
F1(G2H2 +G1H1) + F2(G2H1 −G1H2) = sin(2Ωt− 2Kx), (51)
F2(G2H2 +G1H1) + F1(G1H2 −G2H1) = cos(2Ωt− 2Kx). (52)
Similar two running waves are produced by forming corresponding cubic combinations of negative fre-
quency solutions obtained by substituting −ω instead of ω. We shall get then four independent running
waves, two in one direction, two in the opposite direction. This circumstance suggests that the three-
quark combnations may behave like four-component standard Dirac spinors.
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5 Z3-graded extension of D = 4 Lorentz and Poincare´ algebra
It is usually taken for granted that there is no other way of combining internal symmetries of interactions
between elementary particles and gauge fields with the Lorentz-Poincare´ invariance interpreted as the
fundamental symmetry of Minkowskian space-time, than simple cartesian product of these groups. In the
case of the Standard Model the overall symmetry is G×SO(1, 3), where G = SU(3)color×SU(2)×U(1)
and SO(1, 3) is the Lorentz group. The invariance with respect to space-time translations Pµ extends
SO(1, 3) to the full Poincare´ group.
This statement results from the “no-go theorem” by Coleman and Mandula, published in 1967 [14].
However, it was shown since then that one can escape from the Coleman-Mandula theorem’s constraints
by changing the paradigm. One of the ways of weakening one or more of its assumptions. it is pos-
sible to allow anticommuting generators as well as commuting ones, which leads to the possibility of
supersymmetry. Supersymmetry consists in introduction of anticommuting symmetry generators which
transform in the (12,0) and (0,12) (i.e. spinor) representations of the Lorentz group. The new symmetry
generators are spinors, not scalars; therefore supersymmetry is not an internal symmetry. It is rather an
extension of the Poincare´ space-time symmetries, and as such, has an obvious extension to space-time
dimensions other than four, while the Coleman-Mandula theorem has no obvious extension beyond four
dimensions. More details can be found in the review paper by J.D. Lykken [15]
As already observed in the previous section, the 12× 12 matrices Γµ appearing in the coloured Dirac
equation (87) do not satisfy the anti-commutation relations defining a 4-dimensional Clifford algebra.
as it was the case with the 4× 4 Dirac matrices γµ. What can be easily seen is that their third powers
are of the form l13⊗ γµ, and therefore can be used to construct the usual 4-dimensional Clifford algebra
tensorized with trivial 3× 3 unit matrix l13, like in the modified version of the Standard Model proposed
recently by I. Sogami [16].
Here we shall construct a spinorial representation of the Z3-graded extension of the Lorentz group
following the method presented in [6], in which the usual Lorentz algebra
(0)
L was embedded in the
SZ3-graded Lorentz algebra containing three subspaces,
LZ3 =
(0)
L ⊕
(1)
L ⊕
(2)
L (53)
The Z3 ⊗ Z2 structure of Γµ-matrices implies that only their sixth powers are proportional to the unit
matrix l112 (see also (41)). Thus, in order to obtain the realization of D = 4 Lorentz algebra generators
one can not use just two standard commutators
Ji =
i
2
ijk
[
Γj ,Γk
]
, Kl =
1
2
[Γl,Γ0] . (54)
Nevertheless, the generators (
(0)
Ji ,
(0)
Kl) satisfying the standard Lorentz algebra relations (see also (59) for
r = 0, s = 0) can be defined by triple commutators:
[Ki, [Kj ,Kk]] = (δijδkl − δikδjl) K(0)l .
(55)
Substituting in (55) the explicit form of Γµ given in (24), we get
Ji = − i
2
Q†2 ⊗ l12 ⊗ σi, Kl = −
1
2
Q1 ⊗ σ1 ⊗ σl,
(0)
Ji = − i
2
l13 ⊗ l12 ⊗ σi,
(0)
Kl = −1
2
l13 ⊗ σ1 ⊗ σl.
(56)
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In order to close the generalized Lorentz algebra (53) where
(0)
L=(
(0)
Ji ,
(0)
Kj),
(1)
L=(
(1)
Ji ,
(1)
Kj),
(2)
L=(
(2)
Ji ,
(2)
Kj),
one should supplement (55) by two missing triple commutators:
[Ji, [Jj ,Kk]] = (δijδkl − δikδjl) K(2)l ,
[Ki, [Kj , Jk]] = (δijδkl − δikδjl) J (1)l ,
(57)
where using the representation (56) we get
(1)
Jl = − i
2
Q3 ⊗ l12 ⊗ σl,
(2)
Ki = −1
2
Q†3 ⊗ σ1 ⊗ σi. (58)
The full set of Z3-graded relations defining the algebra (53) (r, s, r + s are modulo 3):
[
(r)
Ji ,
(s)
Jk]=ikl
(r+s)
Jl , [
(r)
Ji ,
(s)
Kk]=ikl
(r+s)
Kl ,
[
(r)
Ki,
(s)
Kk]=−ikl
(r+s)
Jl .
(59)
The remaining generators of L are obtained from commutators
[
(1)
K,
(1)
K ] '
(2)
J and [
(1)
J ,
(1)
J ] '
(2)
J :
(2)
Ji = − i
2
Q†3 ⊗ l12 ⊗ σi,
(1)
Km = −1
2
Q3 ⊗ σ1 ⊗ σm. (60)
The formulae (56, 58) and (60) provide the realization of L which follows from the choice (24) of matrices
Γµ.
Before considering standard and generalized Lorentz covariance let us introduce the following nota-
tion:
Γµ(A;α) = IA ⊗ σα ⊗ σµ, A = 0, 1, .., 8; α = 2, 3; µ = 0, 1, 2, 3 . (61)
Let the 3 × 3 “colour matrices” IA appearing as the first factor in (61) be defined as follows: I0 =
l13, Ir = Qr, Ir+3 = Q
†
r, I7 = B, I8 = B
†. Then the original Γ-matrices given by (24) are encoded
as Γ0(8,3) = B
† ⊗ σ3 ⊗ l12 and Γi(2;2) = Q2 ⊗ (iσ2) ⊗ σi. The eight matrices with A = 1, 2, ...8 with the
multiplication rules given in (26) span the ternary basis, generated by the cyclic Z3-automorphism of
the SU(3) algebra ([18], Sect. 8).
In order to get the closed formula for the action S(0)Γµ[S(0)]−1 of classical spinorial Lorentz sym-
metries generated by L(0), we should introduce the pairs of Γµ-matrices Γµ = (Γi(A;2), Γ
0
(B;3)) and
Γ˜µ = (Γi(B;2), Γ
0
(A;3)), A 6= B. For any choice of Γµ’s in (61) we get:
[
(0)
Ji ,Γ
j
(A;α)] = ijkΓ
k
(A;α), [
(0)
Ji ,Γ
0
(A;α)] = 0, (62)
and the boosts
(0)
Ki act covariantly on doublets
(
Γµ, Γ˜µ
)
as follows:
[
(0)
Ki,Γ
j
(A;2)] = δ
j
i Γ
0
(A;3), [
(0)
Ki,Γ
0
(B;3)] = Γ
i
(B;2),
[
(0)
Ki,Γ
j
(B;2)] = δ
j
i Γ
0
(B;3), [
(0)
Ki,Γ
0
(A;3)] = Γ
i
(A;2), (63)
(with A 6= B), i.e. the standard Lorentz covariance requires the doublet of coloured Dirac spinors; In
particular, the Γµ matrices (24) should be supplemented by:
Γ˜0 = Γ0(2;3) = Q2 ⊗ (σ3)⊗ l12, Γ˜i = Γk(8;2) = B† ⊗ iσ2 ⊗ σk. (64)
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One can conjecture that the pairs of Γ-matrices generated by the standard Lorentz covariance require-
ment can be used for the introduction of weak isospin doublets of the SU(2)×U(1) electroweak symmetry.
In such a way one can conclude that the internal symmetries SU(3)× SU(2)×U(1) of Standard Model
follow from the imposition of standard Lorentz covariance on colour Dirac multiplets.
Our next goal is to study the generalized Lorentz covariance of coloured Dirac equations, by gener-
alization of standard invariance condition (65)
ψ˜(Λx) = S(Λ) ψ(x) S−1(Λ) (65)
and incorporating the standard Γµ-matrices (24) into an irreducible representation of L. For this purpose,
we should study the 18-parameter symmetry transformation Γµ → SΓµS−1, where
S =
2∏
r=0
ei [α
k
(r)
(r)
Jk+β
m
(r)
(r)
Km], (66)
with αk(0), β
k
(0) real, (α
k
(1))
∗ = αk(2), (β
k
(1))
∗ = βk(2), [
(1)
Jk]
† =
(2)
Jk and [
(1)
Km]
† =
(2)
Km. It follows that in
order to obtain the closure of the faithful action of generators (J
(s)
k , K
(s)
m ) (s = 0, 1, 2) on matrices
Γµ, one should introduce two sets Γµ(a),Γ
µ
a˙ = (Γ
µ
(a))
† (a = 1, 2, ...6) of coloured 12 × 12 Dirac matrices
supplemented by Lorentz doublet partners (Γ˜µ(a), Γ˜
µ
(a˙)). If we choose (
(1)
Jk,
(1)
Km) as given by Eqs. (58),
(60), and assume that Γµ(1) is given by the formula (24), by calculating the multicommutators of (
(1)
Ji ,
(1)
Kl)
with the set Γµ(a), (a = 1, 2...6), we get the following sextet of Γ-matrices closed under the action of
(1)
L :
Γµ(1) =
(
Γ0(8;3), Γ
i
(2;2)
)
; Γµ(4) =
(
Γ0(8;2), Γ
i
(2;3)
)
;
Γµ(2) =
(
Γ0(2;2), Γ
i
(4;3)
)
; Γµ(5) =
(
Γ0(2;3), Γ
i
(4;2)
)
;
Γµ(3) =
(
Γ0(4;3), Γ
i
(8;2)
)
; Γµ(6) =
(
Γ0(4;2), Γ
i
(8;3)
)
.
(67)
The six matrices (67) form three pairs, each of which transforms in itself under the action of the 0-
grade subalgebra (
(0)
Ji ,
(0)
Kl). The Z3-graded components of LZ3 ,
(1)
L and
(2)
L , act on these pairs transforming
them into other pairs, with conjugate Q and B matrices.
The realization of
(2)
L sector is obtained by introducing the Hermitean-conjugate sextet Γµ(a˙) = (Γµ(a))†;
further one should add Γ˜µ(a˙) = (Γ˜
µ
(a))
† due to standard Lorentz covariance. The generalized Lorentz trans-
formations of 24 matrices Γµ(F ) = (Γ
µ
(a),Γ
µ
(a˙); Γ˜
µ
(a), Γ˜
µ
(a˙)) will be expressed by the following generalization
of the formula (65)
SΓµ(F )S−1 = Λµ (G)ν (F ) Γν(G), µ, ν = 0, 1, 2, 3; F,G = 1, 2, ..., 24. (68)
It should be recalled that the Z3-grading of Lorentz algebra was constructed explicitly in [6] only for
spinorial (matrix) representations. For obtaining full Z3-graded counterpart of relativistic symmetries
described by Poincare´ algebra one should introduce the orbital realization of Z3-graded generalized
Lorentz algebra (59), in order e.g. to apply to field-theoretic models. Such Z3-graded extension of D=4
Poincare´ algebra and its orbital realizations were constructed and discussed recently in [17] by one of
the present authors (RK); here we give the outline of the main ideas expressed therein.
As one can extrapolate from the realizations of standard relativistic symmetries, in construction of
Z3-graded orbital realizations the basic tool is the introduction of 12-dimensional Z3-graded triplets
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(
(0)
pµ,
(1)
pµ,
(2)
pµ) of 4-momenta and dual triplets (x
µ
(0), x
µ
(1), x
µ
(2)) of generalized Minkowski coordinates.
Following earlier considerations [10] one can introduce these triplets of 4-momenta as describing three
mass shells related by discrete Z3-transformations. In this way we supplement the standard real mass
shell pµp
µ = m2 (pµ ≡ (0)pµ) by a pair of complex-conjugated Lee-Wick mass shells [12, 13]
(1)
pµ
(1)
p µ = j m2,
(2)
pµ
(2)
p µ = j2 m2,
(1)
pµ = (
(2)
pµ)
? , (69)
where
(1)
pµ = (p
(1)
0 ,
(1)
p )
(2)
pµ = (p
(2)
0 ,
(2)
p ) (70)
(1)
p0 = ±j2
√
(1)
p2 +m2,
(2)
p0 = ±j
√
(2)
p2 +m2, (71)
Further one can introduce as well three versions of 4-dimensional complexified space-times connected
by discrete Z3-transformations
zµ(s) = (z
0
(s) = j
s x0(s), x
i
(s)) s = 0, 1, 2 (72)
where xµ(s) are real, but z
µ
(r) (r = 1, 2) are complex-valued and (z
µ
(1))
? = zµ(2). For s=0,1,2 one
can introduce three real Minkowski scalar products in three 8-dimensional sectors (
(s)
p µ, z
µ
(s)) of 24-
dimensional generalized phase space
(p, z)(s) =
(s)
p µ z
µ
(s) =
(s)
ω x0(s) −
(s)
p i x
i
(s) (73)
what allows to introduce the respective Fourier transforms.
Further, it has been shown in [17] that one can introduce the Z3-graded extension of familiar orbital
realizations
(0)
Mµν of standard Lorentz algebra
Mµν ≡
(0)
Mµν = x[µpν] → (
(0)
Mµν ,
(1)
Mµν ,
(2)
Mµν) (74)
where all generators
(s)
Mµν are constructed as bilinears of Z3-graded generalized phase space coordinates
(
(s)
p µ, z
µ
(s)). The formula for total (orbital + spin) Z3-graded relativistic angular momentum
(r)
Mµν =
(
(r)
Ji,
(r)
Kl) is given by the formula
(r)
Ji =
(r)
J i
orb +
(r)
J i
(r)
Ki =
(r)
K i
orb +
(r)
K i (75)
where the matrix-like “spin” part of generators (
(r)
J i,
(r)
K i) were studied in [6]. The orbital and spin parts
of the realizations (75) commute with each other and (
(r)
Ji,
(r)
Ki) satisfy the Z3-graded generalized Lorentz
algebra relations (see (59)).
Further one can extend the Z3-grade relations (59) to Z3-graded Poincare´ algebra, firstly presented
in [17], with 18 generators
(s)
Mµν and 12 generators
(s)
P µ:
The Z3-graded extension of full Poincare´ algebra is quite obvious [17]. Whatever the representation
we choose (spinorial or “orbital”), the commutation relations for the Z3-graded Lorentz subalgebra
remain the same. Let us denote them in case they are part of the extended Z3-graded Poincare´ algebra
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by
(r)
Ki (generalized Lorentz boosts) and
(r)
Ji (the generalized spatial rotations), where the superscript
r = 0, 1, 2 refers to the Z3-grade of one of the three components of Z3-graded extended Lorentz algebra,
and i, k = 1, 2, 3 are the 3-space indices.
The commutation rules of the Lorentz algebra:
[
(r)
Ki,
(s)
Kk ] = −ikl
(r+s)
Jl , [
(r)
Ji,
(s)
Kk ] = ikl
(r+s)
Kl , [
(r)
Ji,
(s)
Jk ] = ikl
(r+s)
Jl . (76)
must be now supplemented by set of commutation rules between Lorentz generators and the generators
of 4-translations, which should also form a Z3-graded extension of usual 4-dimensional Minkowskian
translations Pµ. Denoting them by
[
(0)
Pµ,
(1)
Pµ
(2)
Pµ], (77)
with r = 0, 1, 2 and µ, ν = 0, 12, 3, we impose the following Z3-graded extra commutation relations:
[
(r)
P0,
(s)
Pk ] = 0; [
(r)
Pi,
(s)
Pj ] = 0, (78)
[
(r)
Jk,
(s)
P0 ] = 0; [
(r)
Ji,
(s)
Pk ] = ikl
(r+s)
Pl , (79)
[
(r)
Ki,
(s)
P0 ] =
(r+s)
Pi , [
(r)
Ki,
(s)
Pk ] = −δik
(r+s)
P0 . (80)
In all the above relations the grades r, s = 0, 1, 2 add up modulo 3. Irreducible representations of the
Poincre´ algebra (and also the group, by exponentiation) are characterized by eigenvalues of its Casimir
operators, the most important of which is the mass operator M2 = PµP
mu. It turns out [17] that
in order to generalize the Casimir operator given by the square of four-momentum we must take into
account similar contributions from all possible combination of Z3 grades:
P2 =
(0)
Pµ
(0)
Pµ +
(1)
Pµ
(1)
Pµ +
(2)
Pµ
(2)
Pµ +
(0)
Pµ
(1)
Pµ +
(1)
Pµ
(2)
Pµ +
(2)
Pµ
(0)
Pµ, (81)
It can be checked that this operator commutes with the full set of generators of the Lorentz-Poincare´
algebra by virtue of (78, 79 and 80).
The analysis of eigenvalues of (81) as well as those of the second Casimir operator of fourth or-
der, corresponding to orbital spin constructed with Pauli-Lubanski operator, will be the subject of our
forthcoming publications.
At present we study the possibilities of incorporating the Z3-graded Poincare´ symmetries (78-80)
as a guiding line for the introduction of Z3-graded generalization of field-theoretic QCD model, which
incorporates complete quark sector of the Standard Model.
6 The Lorentz-covariant Lagrangean for quark doublets
In this Section we shall show how the free Lagrangean for the pair of colour Dirac spinors can be
made covariant under the standard Lorentz transformations. Let us start by recalling the properties of
color-spinor representation of the Lorentz group transforming the generalized colour Dirac matrices Γµ.
According to the notation proposed in [6], we have:
Γµ =:
(
Γ0, Γk
)
=
(
B† ⊗ σ3 ⊗ l12, Q2 ⊗ (iσ2)⊗ σk
)
, (82)
while the generators of the colour Lorentz group are given by the following six matrices, three space
rotations and three independent Lorentz boosts:
(0)
Ji = − i
2
l13 ⊗ l12 ⊗ σi,
(0)
Kl = −1
2
l13 ⊗ σ1 ⊗ σl. (83)
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Taking the commutators of these generators (56) we discover that the matrices Γµ are transformed into
another set which we shall denote by Γ˜µ:
[
(0)
J i, Γ
0] = 0, [
(0)
J i, Γ
k ] = ikmΓ
m;
[
(0)
K i, Γ
0] = Γ˜i, [
(0)
K i, Γ
k ] = δki Γ˜
0; (84)
where Γ˜µ are given by the following tensor products:
Γ˜µ =:
(
Γ˜0, Γ˜k
)
=
(
Q2 ⊗ σ3 ⊗ l12, B† ⊗ (iσ2)⊗ σk
)
, (85)
Quite obviously, when acting with the same generators on Γ˜µ, we come back to the initial set Γµ, with
exactly the same relations as (84).
It is also easy to check that the operator Γ˜µ pµ satisfies the same fundamental relations as the original
operator Γµ pµ, namely(
Γ˜µpµ
)6
= (p60− | p |6) l112, det
(
Γ˜µpµ
)
= (p60− | p |6)2. (86)
The matrix-valued four-vector Γµ enter into the definition of the generalized (“colour”) Dirac equa-
tion:
Γµ∂µ Ψ = mΨ. (87)
Now we clearly see that this equation cannot be covariant under the Lorentz transformations (84),
because it does not contain the other member of the doublet, Γ˜µ. To restore the symmetry, we must
introduce another coloured spinor, to be associated with the Γ˜µ which form a Lorentz doublet of coloured
spinors . In order to make the Lorentz doublet equations covariant under classical Lorentz transforma-
tions we should introduce mass terms as introducing the mixing between Ψ and Ψ˜:
Γµ∂µ Ψ = mΨ˜, Γ˜
µ∂µ Ψ˜ = mΨ, (88)
The covariance is ensured because one can show that under the same Lorentz action Ψ becomes Ψ˜′ and
Ψ˜ becomes Ψ′.
In order to produce the Lagrangian action leading to the pair of coupled colour Dirac equations (88)
we shall follow as faithfully as possible the classical Dirac scheme. The Dirac lagrangean was defined as
follows:
LDirac = i
2
[(
∂µψ¯
)
γµψ − ψ¯γµ∂µψ
]
+mψ¯ψ. (89)
with Dirac conjugation defined as follows (in order to guarantee the positivity of the energy):
ψ¯ = ψ†γ5, γ5 = σ1 ⊗ l12 (90)
The Lorentz-covariant generalization of the Lagrangean (89) looks as follows
L0 = i
2
[
∂µ
¯˜ΨΓµΨ− ¯˜ΨΓµ∂µΨ + ∂µΨ¯Γ˜µΨ˜− Ψ¯Γ˜µ∂µΨ˜
]
+m ¯˜ΨΨ˜ +mΨ¯Ψ. (91)
One can easily check that variation with respect to Ψ or Ψ˜ lead respectively to the equations (88) and
provides the conjugate equations if the variation is made with respect to Ψ¯ and ¯˜Ψ.
What remains to be defined is the generalization of Dirac’s conjugation Ψ¯ = Ψ+ γ0. In order to
ensure the positivity of the energy, these conjugations should be defined as follows:
Ψ¯ = Ψ†(B ⊗ σ3 ⊗ l12, ) ¯˜Ψ = Ψ˜†(Q†2 ⊗ σ3 ⊗ l12). (92)
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This choice of generalized Dirac conjugation for coloured spinors yields the desired result, namely:
Ψ¯Γ0Ψ = Ψ†(B ⊗ σ3 ⊗ l12)(B† ⊗ σ3 ⊗ l12)Ψ = Ψ†Ψ, (93)
and
¯˜ΨΓ˜0Ψ˜ = Ψ˜†(Q†2 ⊗ σ3 ⊗ l12)(Q2 ⊗ σ3 ⊗ l12)Ψ˜ = Ψ˜†Ψ˜. (94)
Similar construction can be performed with two remaining doublets of Γ-matrices introduced in (67),
and two analogous Lagrangeans involving the pairs (Γµ(2), Γ
µ
(5)) and (Γ
µ
(3), Γ
µ
(6)) should be added to the
action given by (91).
7 Final remarks and outlook
The colour generalization of Dirac’s equation proposed here with mixing of colour and spin degrees of
freedom and incorporating particle-antiparticle duality displays natural Z3×Z2×Z2 symmetry. Imposing
the Z3-graded Lorentz and Poincare´ covariance required the enlagement of the usual 10-dimensional
algebra to its 30-dimensional Z3-graded extension, acting on two conjugate sextuplets of generalized
12-dimensional coloured spinors.
Although the characteristic equation of the colour Dirac operator is of sixth order, this operator will
display the same ultraviolet behavior of perturbative Feynman integrals as the usual Dirac equation,
because the inverse operator’s Fourier transform shows that it behaves as k−1 in high energy limit. The
complex-valued poles lead to the exponentially damped solutions which cannot propagate at distances
larger than a few characteristic wavelenghts and other ones exponentially blowing up. However, as we
did show in Sect. 4 the products of three suitable solutions of colour Dirac equations can produce freely
propagating oscillating waves.
Such a phenomenon seems to be analogous to the properties of electrons’ with opposite wave vectors
k and −k couplings in Cooper pairs behaving like bosons and are the source of supraconductivity
phenomenon. By analogy, the Z3-symmetry creates the situation in which the damped quark states
obeying the coloured Dirac equation can form composite states when in momentum space their wave
vectors are k, jk and j2k forming a propagating fermion, or coupled in pairs with wave vectors jk and
−j2k forming a propagating boson.
Another remarkable property of Z3 symmetry to be exploited in quark model consists in a gener-
alization of Pauli’s exclusion principle [4], [8]. Although quarks behave like Pauli spinors, obeying the
Fermi-Dirac statistics, they possess, beside the two-valued spin and three-valued colour also another
two-valued characteristics, labeled u and d in the first family, c and s in the second, and t and b in the
third one. But this new attribute is not exclusive like the half-integer spin or colour: it can accomodate
in composite state two particles labeled identically, but not three. Such a behavior can be modelled
by a Z3-graded exclusion principle making use of j-skew symmetry. In such a case the quark wave
functions’ algebra should take values in an associative Z3-graded algebra whose generators obey the
following ternary commutation rules;
θAθBθC = j θBθCθA = j2 θCθAθB , A,B, .. = 1, 2, ...N (95)
along with their hermitian conjugated ternary rules for conjugate generators θ¯B˙ .
The generators θA are of Z3 grade 1, their hermitian conjugates θ¯
B˙ of Z3 grade 2, and to physical
states we assign the products of generators whose Z3 grade is 0. Briefly, the squares of generators are
not zero, but their cubes vanish identically, (θA)3 = 0.
In such a framework, in the case of two generators, A,B, .. = 1, 2, A˙, B˙, .. = 1˙, 2˙, we can choose as
the only non-vanishing independent cubic combinations of Z3 grade 0 the following ones:
θ1θ1θ2, θ1θ2θ2, θ¯1˙θ¯1˙θ¯2˙, θ¯1˙θ¯2˙θ¯2˙, (96)
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which can describe stable fermionic quark composites uud, udd, u¯u¯d¯, u¯d¯d¯;. Analogously, the indepen-
dent quadratic monomials of Z3 grade zero
θ1θ¯2˙, θ2θ¯1˙, θ1θ¯1˙ − θ2θ¯2˙, (97)
correspond to bosonic quark composites ud¯, u¯d, uu¯− dd¯.
Our next aim will be to investigate the quark fields endowed with the Z3-graded exclusion principle
and Z3-graded extended relativistic symmetries as describing the dynamics of suitably modified Standard
Model, in particular modified colour sector of strong interactions (chromodynamics). This stage of
development of our framework, with the discussion of its applicability to particle physics is now under
consideration.
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